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lo~4wQq_p+rAwyb?w¥¦lA~ wylAa2bZ¥¦u0h[p¤qimloh[w_^vr\®ob9loh0kmx¯z{b+b+hp+loa20uqbVlohr
wu0z¡¢imhAqb+~®&rsklo¥q^0b+im~µ0bvh0ijqimloh0loa¯rsimh«0q^0bVwbq4rsz0kmbVwµrsktwyl¯nAij®Ab¬q^0bkmimacijqwZls¥T]_^0bVlo~b+a½d0± d0±_ h
q^0bVwbq4rsz0kmbVwV«{q^0b"z[lAkmºhNu0a'z{b+~9imwZq^vbcrAp+puv~rApx~bV|u0im~bV¥¦lo~µq^vb"ima20kjbVa2b+hqrsqimloh±Z¥plAu0~wbo«
¥¦~loa rsh¯ima20kmb+a2b+hqrsqimloh¯{loimhqls¥¾®NijbV«oq^0itw{b+~¡;¥¦uvhvp¤qijlAh¯ijh¥¦lA~a¯rsqimloh2imwa2lo~b uvwb¥¦u0kvq^vroh¯q^0b
wxNhq^0b+qitpµa¯rs©Nima'uvals¥
o?¹"wyqrsqbVimhq^0broz[l&®AbZq^0b+lA~bVa±
 0u0h[p¤qimloh  hqbV~®&rsk p~i°qimpVrsk¾ropVpu0~4rop+x¯loh
f
y = log(x) x ∈ F
, zvi°q4w
y = 2x x ∈ F
  z0ijqw
y = log2(x) x ∈ F
	 z0ijqw
y = arccos(x) cos( 12867
8192
) ≤ |x| ≤ 1
,
 z0i°q4w
y = cosh(x) 2−6 ≤ |x| ≤ 25
 , z0ijqw
y = arccosh(x) cosh(2−6) ≤ |x| ≤ cosh(25)
 
z0ijqw
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~ijqitp+rokrop+p+u0~4ropx2¥¦lA~_¥¦u0hvpqimlohvwhvlsq plAhvpbV~h0b?ijq^q^0imwZrs~qitpkmbo±
 0u0hvpqimloh  hAqb+~®&rsk p~i°qimpVrskrAp+puv~rApx¯loh
f
p~i°qimpVrskrAp+puv~rApx¯loh
p
y = ex 2−54 ≤ |x| < 2−44
?o¶'z0ijqw
,
zvi°q4w
2−44 ≤ |x| < 2−30
VA¶'z0ijqw

zvi°q4w
|x| ≥ 2−30
,
z0ijqw
y = cos(x) 2−25 ≤ |x| ≤ 2−22
+Ndz0ijqw 	 z0i°q4w
2−22 ≤ |x| ≤ 2−18
V ('z0ijqw

zvi°q4w
2−18 ≤ |x| ≤ 2−17
oV"z0ijqw
	
z0i°q4w
2−17 ≤ |x| ≤ 12867
8192
, 

z0ijqw
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~ijqitp+rokropVpu0~4rop+x2¥¦lo~_¥¦u0hvpqimlohvw ls¥²q^0b¬qQxN[b
f(x) = 1 + p(x)
±
 b+a¯rs~³q^[r&q'imh£rsh imacvkjbVacbVhqr&qijlAh ls¥_q^0bb©[lAh0b+hqimrok;«²q^0bwrsa2b¯{lokmxNh0loa2itrsk
p(x)
a¯r\xFz[b
u[wyb?¥¦lo~¬rskmkq^0b2wa2rokjkŁro~nAu0a2b+hqw"§¦ijq¬imkmkz{b¯rD®&rs~itr&qimloh jVŁlohq^0b2]#r\xNkmlo~¬rs00~l\©ija¯rsqimloh[­±
 hq^0imwµp+rAwybA«q^0bqQ/lXv~4wyq kjimh0bVwZls¥Ł]#roz0kmb'd2rs~bloh0kmx~b+kmb+®&rshqql2q^0bv~lNls¥ls¥ŁropVpu0~4rop+xo«0hvlsqql
ima20kmb+a2b+hqrsqimlohºp+lohvwitb+~4r&qijlAhvw+±

lohN®obV~wb+kmxo«[i°¥µo?Dz0ijqwµimwµqlNli Dp+u0k°qrqrs~nob+qV«[q^0b2wa2rokjkmb+~
imhqbV~®&rsk/p+rsh»z{bzv~lA³ob+h»l&h»imhqla2lA~b¯imhqb+~®&rsktw¬¥¦lo~'q^0b0u0~[lwyb¯lo¥_q^0b0~lNlo¥Q±6]_^vbkml&/bV~
z{louvhvDlAh¯q^0b9b©{bVpqbVp~i°qimpVrsk=ropVpu0~4rop+x"lAh
p(x)
imw
53 + 54 = 107
z0ijqw
lAhrz0imhvrAbo«N^0l&
b+®Ab+~?±
]_^vimw_~b+a¯rs~³Drsktwl2ro00kmijb?w
ql2lsq^0b+~_¥¦uvhvp¤qijlAhvw+±
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 0uvhvp¤qijlAh  hqbV~®&rok p~i°qimpVrskrAp+puv~rApx¯loh
f
p~i°qimpVrskrAp+puv~rApx¯loh
p
y = sin(x) |x| < 2−17
?d ('z0ijqw , z0ijqw
2−17 ≤ |x| ≤ 2 + 4675
8192
  z0ijqw
y = arcsin(x) sin(2−24) ≤ |x| ≤ sin(2−19)
?d ('z0ijqw   z0ijqw
sin(2−19) ≤ |x| ≤ sin(2−18)
?do'z0ijqw
,
 z0ijqw
sin(2−18) ≤ |x| ≤ 1
, z0i°q4w
y = tan(x) 2−25 ≤ |x| ≤ 2−18
Vdz0ijqw , z0ijqw
2−18 ≤ |x| ≤ arctan(2)
,  z0ijqw
y = arctan(x) tan(2−25) ≤ |x| ≤ tan(2−18)
?d ('z0ijqw  z0ijqw
tan(2−18) ≤ |x| ≤ 2
, z0i°q4w
y = sinh(x) 2−25 ≤ |x| ≤ 2−18
?d ('z0ijqw
 z0ijqw
2−18 ≤ |x| ≤ 2−12
oV"z0ijqw  z0ijqw
2−12 ≤ |x|
	 z0ijqw
y = arcsinh(x) sinh(2−25) ≤ |x| ≤ sinh(2−12)
?d ('z0ijqw
,
z0ijqw
sinh(2−12) ≤ |x|
 
z0ijqw
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~i°qimpVrskropVpu0~4rop+xc¥¦lo~_¥¦u0hvpqimlohvw ls¥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f(x) = x + p(x)
±
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0bVﬂ®&rskmu0bºlo¥
1 + p(x)
rohv
x + p(x)
rAwij¥/q^0b¯¥¦u0kmk
lo~4wQq¡¢pVrowbcrAp+p+u0~rApx_rowr\®&rsimktrsz0kmbo«#uvwyimh0nlAh0kjxFlou0zvkjb+¡
0lou0z0kmb¬0~bVpitwijlAhro~ijq^0a2b+qitps±
]_^0itwDwbVpqimloh rAwwu0a2bVwcq^vr&q2q^0bwyxwyqbVa uvwbV 0~l&®NitbVw2lAu0z0kmb¡¢b©NqbVhvb? ro~ijq^0a2b+qitpijq^
 TŁ¡ys&o¡¢p+loa20kmimrohq_~louvhvimh0nv±_]_^0itw itwq^vb'p+rAwyblo¥q^0bQµAdc0~lpbVwwlo~_¥¨rsa2imkjimbVwZzNx hqbVk#rsh[
µ"«row2
b+kmkZrowcq^0b }_ª\ hqbVk Q¡ (sﬂ§¦¢q4rsh0imu0aD­c¥¨rsa2imkjxA± µh q^0b?wybwxNwyqbVa¯w+«/q^0ba¯rohAqimwwr
p+lohvwitwQq4w¬ls¥(o6z0i°q4w+±D \ds¶s¡Hz0ijq¬huva'z{b+~'pVrsh¼z[b¯^vrohvkmbV¼row9q^0bDwyuva ls¥
qQ
llAu0z0kmb¡¢b©NqbVhvb?
hNu0a"z[bV~w§   ¥¦lo~clou0zvkjb+¡¢lAu0z0kmb¡¢b©NqbVhvb?v­¤±¼·FbVkjkj¡¢³hvl&h qbVp4^vh0im|u0b?w'b+©imwyq'¥¦lA~cp+loa20uqijh0n
q^0b¬wyu0a lA~q^0bµv~luvpq/lo¥¾qQ/lcwyuvp4^ µ hNu0a"z[bV~wV«lo~/¥¦lo~_ploa20u0qimh0n'b+©rAp¤qkjxcq^vbµwu0alo~/q^0b
v~luvpqls¥qQ/l¯lAu0z0kmb¡¢0~b?pitwyimlohhNu0a'z{b+~4wrow_r 	Z ±
 h q^0bD¥¦lAkjkml&ijhvn
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⊕
rn
bVh0lsqbVwq^0bD TŁ¡¢p+loa20kmimrohq"a¯rop4^0imh0bDrA0ijqimloh»imh£lou0zvkjb+¡Hb+©qb+hv0bV¾«
~louvhv¬qlµh0bVro~b?wQqa2lN0bo«srsh[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⊕
rx
bVh0lsqbVw²q^0b
a¯rop4^0imh0blA[bV~rsqimlohq^vr&qro0vw²qQ
lZlAu0z0kmb¡¢b©NqbVhvb?
hNu0a"z[bV~wrohvF~lAu0hv0w9q^0b¯b©0ropq~b?wyu0kjq¬qlrohF T lou0zvkjb2uvwijhvn6q^0b¯uvwb+~¡ wybVkjb?p¤qb?~lou0h[ijhvn
a2lbA± ]_^0bVwb6lo{b+~4r&qimloh[wcro~ba¯rop4^0imh0b6lo{b+~4r&qijlAhvw2lohﬂrs~4p4^0ijqb?p¤quv~b?w"^vimp4^ﬂwyuv0[lA~yqDlAu0z0kmb¡
b+©Nqb+h[bV0~bVp+imwijlAh±
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• ph + pe = p(x)(1 + )
• ph = ph
64
⊕
rn
pl
• ph < 2
−k
&
• 2 < k < 52

• 
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th + tl ← Fast2Sum64(1, ph)
r ← tl
64
⊕
rn
pl
z ← th
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⊕
rx
r
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z
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]_^0b¼rowwyuvac0qimloh
ph = ph
64
⊕
rn
pl
imwh0lsq~b?wQq~itp¤qij®Abr&qrokjkH«imh vrs~qitpuvkmro~Di°qimwwrsqitw [bVﬂij¥
ph + pl
ro~bµq^0b¬~bVwu0kjq_lo¥rX vrAwQq¤doÆNuvalo~' vrAwQq¤dsuvk°q rskmnolA~ijq^va«rAw/itw
q^vb¬pVrowb¬ijh6rc[lAkjxNh0lAacitrsk
bV®&rskmuvr&qijlAhimhZlo~h0b+~_¥¦lA~a6±¢q itw rsktwylcbVrAwyxDql¯wrsqitwQ¥¦xi°¥
ph + pl
ro~bµqroz0u0ktr&qb?®\rokjuvbVwV±
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rsz0kmb"dcq^vr&q 53
◦
rx
(1 + p(x)) =
53
◦
rx
(1 + ph + pl)
±·¼bq^vb+~b¥¦lo~bh0bVbVql
v~l&®AbZq^vr&q
z =
53
◦
rx
(1 + ph + pl)
 imnou0~bVw_rsh[cd9nAij®Ab
roh"l&®Ab+~®imb+¸ls¥vq^0ba¯rshqitwwrAw#imhN®olAkj®AbVimh2ijh[wQq~uvpqimloh2wyb?|u0b+hvp+brsz{l&®obo±
µh q^0bVwbXvnouv~b?w+«²q^0bDa2b?rsh0imh0nls¥
q^vbD®obV~yqimpVrskŁkmijh0b?witw¬q^vb¯¥¦lokmkjl&imh0n$hNu0a'z{b+~'wyq~itp¤qkmx
wa¯rskmkjbV~¬ijh a¯rsnAh0i°quvbcq^[rsh
2−n
^vrowrokjkq^0b2z0ijqwlo¥/ijqwa¯rshqimwwrqlq^0b¯~imno^q¬ls¥
q^0b2®Ab+~qitp+rsk
kmimh0bcrsq
2−n
±¬ hºloq^0bV~µ
lo~40wZq^0bcz0ijq9lo¥a¯rsnohvi°quvb
2−n
itwµq^0bcz0ijq9ima2a2bVitr&qb+kmx6qlDq^0b2kjb+¥åq9lo¥
q^0bkmijh0bA±
]_^0b vrAwQq¤doÆNuvaObVhvwu0~b?w¾q^vr&q
th = 1
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⊕
rn
ph
rsh[
th+tl = 1+ph
«?q^0bV~b+¥¦lo~b
bT^vr\®ob
1+ph+pl =
th + tl + pl
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´²bq
k
z{b q^0bZktrs~nob?wQqTimhqbVnob+~
wyu[p4^2q^vrsq
ph < 2
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2−k 2−52 2−63 2−63−k 2−127
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ph + pl
th + tl  
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2−k 2−52 2−63 2−63−k 2−127
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ph + pl
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th + tl
bVhvwu0~b?w_q^[r&q
th + tl = 1 + ph
b©0rAp¤qkmxo±_]_^0bV~b+¥¦lo~b
rokjk=q^0bz0ijqwlo¥
tl
ls¥a¯rsnohvi°quvbwa2rokjkmb+~
q^vrshq^[r&q ls¥#q^0bktrowyqz0ijqZls¥
ph
ro~b9¿+bV~lNbVwV±ŁZw
k
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ktrs~nob?wQq
ijhqb+nobV~wyuvp4^q^vrsq
ph < 2
−k
q^vb9ktrowyq_z0i°q lo¥²q^0b¬a2rohqitwwrlo¥
ph
^[row
a¯rsnohvi°quvb
2−63−k
±

È
 £   
|pl| < 2
−63−k

	T98+

. 
pl
   (c&	 80  8ﬀ 	ﬃﬂ=98+ (:*
  
2−63−k
ﬂ&
 

ÌÌ,# 0~loa
ph = ph
64
⊕
rn
pl
rshv
ph < 2
−k
±

È
 £   

68+"
r ← tl
64
⊕
rn
pl
$	 	ﬁ& 
	
0(-:*	,&

ä¡0¢£ﬃ¤¥
\d  c 1	$4 G8ﬀ \* )ﬂ	A8 %	+8
	H%(
   ÌÌ,¯´bVa2a2rsqr20± ¯rshv0±Òcwy^vl& q^[r&qq^vb+~b9itw_h0l¯l&®Ab+~kmroDls¥h0loh0¡H¿Vb+~l'z0ijqw_¥¦~loa
pl
rshv
tl
±
 È  £    
|r| < 2−63
&
   ÌÌ,¯]_^0itwitwrc0ij~bVpqZploh[wyb?|Auvb+hvp+bµlo¥kmb+a2a¯r&q4rcv± 2rohvv± (v±
 È  £   
th
53
⊕
rx
r
 ,(80 53
◦
rx
(th)
J	?* 0
(	c	?)t

4
(	,=98+ ((	ﬃﬂ?4	0/( 1(2
6 *	 $E	:-.2!+	00"#/
( &
   ÌÌ,¯]_^0itwitwrc0ij~bVpqZploh[wyb?|Auvb+hvp+bµlo¥kmb+a2a¯r&q4rcv± dcrohvv±Ò±
´²b+a2a¯rv± ¶qbVkjktw9uvwµq^vrsq9q^0b2ijh0¥¦lo~a2rsqimlohºpVrs~~imbVzx
r
imw90u0~b+kmx|uvrskmijqr&qij®Ab.Z]_^vbc TŁ¡
p+loa20kmimrohq^vrs~4_rs~bchvb+bVvwlohvkjx¼³Nh0l& ij¥
r
imw"wQq~itp¤qkjxF[lwyijqim®obA«huvkjkH«lo~'wyq~impqkmxºh0bVnArsqim®obo«#ql
0bVpitbD^vimp4^»lo¥
q^0b¯q^0~bVbD{lAwwyimz0kmb¯~b?wyu0kjqwql~bqu0~h¼imh
z
«0b+{b+hvimh0nºrokmwlloh¼q^0b~lou0h[ijhvn
a2lb
rx
±/ hq^0b¬¥¦lokmkjl&imh0n2
b¬0b+h0loqb¬zNx= q^0itwimh¥¦lo~a¯r&qimloh²±
 Zl& q^vb9lA[bV~rsqimloh
r ← tl
64
⊕
rn
pl
a2r\x¯imhN®olAkj®Ab9r"~lAu0hvimh0ncb+~~lA~V«Nwlcwloa2b9ls¥²q^0bropVpu0~4rop+xclo¥
1+ph+pl
^vrAwz[bVb+h2kmlAwyqTijh"q^0b ro~nAu0a2b+hqw
th
rohv
r
lo¥[q^0bvhvrok
53
⊕
rx
±·¼bh0l& h0b+b?ql0~l&®Abq^vr&q
q^0itwZlNbVwhÄ q 0~b+®obVhqZplo~~bVp¤q~lou0h[ijhvnv±· ^[r&qZ
bijkmk²v~l&®Ab9itw_q^vr&q q^0b'wijnAh6ls¥
r
§¨^0bq^0b+~µi°q
itw/huvkjkH«wyq~itp¤qkmx2[lwyijqim®obA«AlA~/wyq~impqkmx2h0b+nr&qim®ob\­itwrskm_r\xNwTbV|uvrsk[qlq^vrsq
lo¥¾q^0bµb©0ropq/wyuva
tl + pl
±
´²bq uvw 0bvh0b
δ = (1 + ph + pl)− th = tl + pl
rohv
r = (tl + pl)− r .

È
 £    53
◦
rx
(1 + ph + pl) =
53
◦
rx
(th + δ)
&
 

ÌÌ,#
xb(vh0ijqimloh6ls¥
δ
±
 Zl& ^vrsq /bplAa20uqb¬itw_h0lsq 53
◦
rx
(th + δ)
z0u0q
z = th
53
⊕
rx
r =
53
◦
rx
(th + r)
imh TTŁ¡ plAacvkjitrshq
~louvhvimh0nv±9·Fb"q^vb+~b¥¦lo~b'hvl&0~l&®Abq^[r&q 53
◦
rx
(th + δ) =
53
◦
rx
(th + r)
±, 0lA~Zq^0itwµijq¬imw9b+hvlou0nA^ql
v~l&®AbZq^vr&q
δ < 2−63
QuvwQqZrAw
r
«vrshvq^vr&q_q^vbwyimnohls¥
r
itw rskm
r\xwq^0bwimnohls¥
δ

È
 £  
δ = r + r
&
 

ÌÌ,
r = tl
64
⊕
rn
pl = tl + pl − r = δ − r
±

È
 £  ,
δ < 2−63
&
 

ÌÌ,¯]_^0itwitw"ronAroijh»rp+lohvwbV|u0bVhvpb¯lo¥´²b+a2a¯r&q4r0± ºrsh[»0±Ò^0imp4^ wy^0l& q^[r&q'q^0b+~bDitwh0l
l&®Ab+~kmroDls¥h0lAh¡H¿Vb+~l"zvi°q4w
¥¦~lAa
pl
rsh[
tl
«vrohv¥¦~lAa´bVa2a2r2v± 6§
|tl| < 2
−63
­¤±
ã
 
ã
 
		ﬀﬁ	ﬃﬂ !"#$%&'ﬂ()*	+,ﬀ-ﬁ.	0/( 1(2ﬃ3456.798ﬀ"#:* ?
 È  £   

|r| < 2
−127
&
   ÌÌ,# 0~loa
r = (tl + pl) − (tl
64
⊕
rn
pl)
«_rshv
|tl| < 2
−63
§;´bVaca¯r 0± A­crohv
|pl| < 2
−63−k
§;´bVaca¯r20±Òo­±
 È  £    ﬂ
|δ| ≥ 2−127
98+( 53
◦
rx
(th + δ) =
53
◦
rx
(th + r)
   ÌÌ,¯Zw
|r| < 2
−127
§¨´²b+a2a¯rFv±j\do­¤«Łij¥
|δ| ≥ 2−127
q^0bVh£q^0bwimnoh¸lo¥
r
itw'q^0b6wyimnoh ls¥
δ
±
´²b+a2a¯r&q4r"v± d0«v±Ò'rshv0±moµb+hvwu0~bZq^vr&q_loh0kmx2q^vimw_imh¥¦lo~a¯r&qijlAhitw
wimnoh0i1[p+rohq/imhz{lsq^~lou0h[ijhvn
lA[bV~rsqimlohvwV±
 È  £      ﬂ
|δ| < 2−127
98+( 53
◦
rx
(th + δ) =
53
◦
rx
(th + r)
   ÌÌ,# 0~loa
|δ| < 2−127
«
|r| < 2
−127
§¨´²b+a2a¯r9v±j\do­#rshv
r = δ−r
§¨´bVa2a2r¬v±j?A­²/bb?uvpb
q^vr&q
|r| < 2−126
±¢q'ija20kmimbVwq^vr&q
tl = 0
«rAwrskmkijqwhvloh¡¢¿+bV~l6z0ijqw"rs~bclo¥a2ronoh0ijqu[b¯no~bVrsqb+~
q^vrsh
2−63−k
ijq^
k < 52
§¨´bVa2a2r¯v± N­¤±]_^vimwimh6quv~h6imacvkjimbVw_q^vr&q
r ← tl
64
⊕
rn
pl
_row_b+©0rop¤q?«0lo~
r = 0
«Nq^0bV~b+¥¦lo~b
δ = r
±
´²b+a2a¯r&qr¬v±jV9rohv"v±j?µw^0l&»q^vr&qŁimh¯rskmk0p+rowbVwV«
th
53
⊕
rx
r
itwq^0bp+lo~~b?p¤q~lAu0hvimh0n9ls¥
1+ph+pl
«
rohvq^0bV~b+¥¦lo~b9lo¥
1 + p(x)
±]_^0itw p+lohvp+kjuv0bVw
q^vb9v~lNls¥ls¥q^0b¬q^0b+lA~bVa6±
Es uw[-y
x + p(x)
	
ÈNÌ

È
  
	H(
x
/ﬁ.	0/( 1(2!( *	 0"#/c$%	ﬁe4	0/( 12ﬃ
34%(4 # !
ph

pl
/, (c	e.	0/ !2ﬃ
34%(4
 0"#/08798+J98+(G
34 *=$%%-
k
e# 

0
8
98++
• ph + pe = p(x)(1 + )
• ph = ph
64
⊕
rn
pl
• ph < 2
−kx
&
• 2 < k < 52
• 
 7"#  ! 98+
2−m
 (8+(
m ≤ 119
 798+ (c	)2ﬃ( .
.(& .( T/	 1 
04/ ! &
68+(Xﬂ	G$&#	6ﬀ "#	\4
rx
800)0()*	N(0/0( +

ä¡0¢£ﬃ¤¥
V  c 1	$4 G8ﬀ \* )ﬂ	A8 %	+8
	H%(
th + tl ← Fast2Sum64(x, ph)
r ← tl
64
⊕
rn
pl
z ← th
53
⊕
rx
r
	"'6%
z
98+? 0
x + p(x)

	: &	6.5	#.	0/( 1( *	= 80?	ﬀX"#	\4
rx
Ł	\*4e6	#6.( $	 ( 	\(  80	"'6%)*	w	 ﬂ
th
&
 Zlsqbq^vrsqDq^0buvhvb+~vl& itwp+kmroija2b+~imw¯hvlsqr 0~lozvkjbVa imh q^0bºp+lohqb+©qDlo¥ija20kmb+a2b+hqijh0n
bVkjbVa2b+hqro~x¥¦u0hvp¤qijlAhvw_ kmk#q^0b¥¦uvhvp¤qijlAhvw lo¥q^0bqQxN{b
x + p(x)
p+rshz{b~i°qqb+hºi°q^rD]#r\xNkmlo~
wb+~imbVw
x+kx2+o(x2)
«\rohv9q^vbp+rAwyb?w¾^0b+h
x
imw#wyl wa¯rskmksq^vr&q²uvhvb+~vl&¼/lAu0kt¬lNpVpu0~#rs~bŁ^vrshv0kjb?
wb+[rs~4r&qbVkjx2zNxD~bqu0~hvijh0n
x
lo~_ijqwwuvp+p+bVwwylA~
lA~_0~b?bVp+bVwwylA~V«NbV[bVhvimh0n2lohDq^0b~lou0hv0ijh0nca2lbo±
 

ÌÌ,¯]_^0bTv~lNls¥imw²®obV~xZwimacimktrs~¾ql_q^vrsq²ls¥]_^0b+lA~bVaYv±jijq^rskmkorozvwylAkju0qbŁa¯rsnAh0i°quvb?w¾~bV0ktropb?
ijq^¼~b+ktr&qim®ob?wZa¯ronoh0ijquv0bo±']_^0bca¯rsimhFijÅ=b+~b+hvp+bcitwµq^vrsq9ij¥
ex
imw9q^0bcb©[lAh0b+hq¬ls¥
x
«¾q^0b+hFq^0b
b+©[lAh0b+hqls¥
th = x
64
⊕
rn
p(x)
a2r\xz{b
ex
lo~
ex + 1
lA~
ex − 1
±¯]_^0imw9q^0im~ p+rAwybcitwb+0itp¤qbV¼loh
 imnou0~b 0±  l&
b+®Ab+~?«\q^0bµ®&rskmu0bls¥
x
^vrAwTitwro0{bVrs~bV2rs¥åqb+~Tq^0bE[~wyqJ vrAwQq¤doÆNuva,(ov±#¢¥{q^0b ~b+ktr&qij®Ab
a¯ronoh0ijquv0bVw¯rs~b6~bVkmrsqim®obql
th
rshv h0lsq¯ql
x
«_b+®Ab+h q^0bº®\ro~imlou[wcp+lohvwyqrohqw2imh q^0b0~lNls¥¬rs~b
uvhvp4^vrshvnobV± µhvbca¯r\xºp4^vbVp4³6q^[r&qu0hv0b+~vl& w¬a¯r\xlp+puv~9lAh¼q^0b¯kml&/bV~wyu0z0¡H
lo~40wc§¨rskjq^vlou0nA^
q^0b+xijkmk¾z{browyq~loh0lAacitp+rokjkmx¯~4rs~bµimhr"~bVrok=ija20kmb+a2b+hq4r&qimloh{­¤±
2−52 2−63 2−63−k 2−127
x  

   
   
ph + pl
th + tl  
   
r
 imnou0~b +

rowb^0b+h2q^0b b+©N{lohvb+hqTls¥
th
itw
1
vkjuvwŁq^vrsqls¥
x
±  bV~b_q^0b a¯rsnAh0ijquvb?wro~b_~b+ktr&qim®ob
qlcq^0bb+©N{lohvb+hq ls¥
th
±

 
,,
ﬃ
¬#	'
 
/	T#ﬃ$ 	 
1
,
	'"#'ﬃ	 #5
q
+
 h q^0itw'wbVp¤qijlAh«/b0bVwp~ijz{bDrsh»ima20kjbVa2b+hqrsqimloh»ls¥rp+lo~~b?p¤qkmx~lou0h[bV b+©N{lohvb+hqitrskTlAh q^0b
 hqb+kT¢q4rsh0imu0a6«²ijq^0lAuq'rshNxºp+kmroija q^vrsqi°qitw¬q^0b¯z[b?wQq{lAwwijz0kmbo±·Fb¯nAij®Ab2rohFl&®Ab+~®NijbV ls¥
q^0b
ã
 
ã
 
		ﬀﬁ	ﬃﬂ !"#$%&'ﬂ()*	+,ﬀ-ﬁ.	0/( 1(2ﬃ3456.798ﬀ"#:* \
rokjnAlo~i°q^0a6«=^0imp4^¼~b+kmijb?wµ^vbVr\®Nijkmxloh pktrowwimpVrsklou0zvkjb+¡¢lAu0z0kmbcro~ijq^vacb+qitp7Ò«²dH±2]_^0b2bq4rsimkmw¬lo¥
ima20kmb+a2b+hqrsqimlohvwcrsh[£bq4rsimkjb?£0~lNls¥¨w'ls¥µrAp+puv~rApx rs~bwy³Nim0{bVŁ]_^vb+x ^vr\®obz[bVb+h 0u0z0kmimw^0b?
v~bV®imlou[wykmx¼rAw2rºwb+vro~rsqb~bVwbVro~p4^»~b+{lo~qﬁmVH± Zlsqb^0l&
b+®Ab+~q^vr&qcq^vbv~lNls¥¨w"ls¥Zq^0bq^0~b+b
q^0b+lA~bVa¯w#imh"q^0b0~bVwb+hqŁrs~qitpkmb_b©NqbVhv"rohvcplo~~bVp¤qq^vb
v~lNls¥{ls¥[q^0bplA~~bVpq~louvhvimh0nµv~lA[bV~yqQx
imh j?¢±
/sﬃr   cyHx' y  vt#{+'ym  cvtx05{+
]_^vb b©{loh0bVhAqimrok0itwŁb+®&rskmuvrsqbV2u[wyimh0n¬q^vb¥¦lokmkjl&imh0nb?|Au[r&qimloh§¨ijhvw0im~b?2zNx"rshDrokjnAlo~i°q^0a imhNj\¦­¤±
ex ≈ 2M · 2
i1
27 · 2
i2
214 · (1 + p (xh)) · (1 + xl)
§Q?­
]_^vbµqb+~a¯wls¥#q^0itwbV|uvrsqimloh6rs~bbq4rsimkjb?z{b+kml&±
/s |f~'cy x0yH}z{ﬃvc~
]_^vbFrs~nouvacbVhq
x ∈ [−745.13; 709.78]
§åq^0b¼~roh0nobimh ^0itp4^
ex
itw~bV0~b?wybVhqrszvkjbimh lAu0z0kmb¡
v~b?pitwyimlohrshvh0loq_~louvhvbVql¯¿Vb+~l­imwZbVp+loa2[lwyb?rAw
q^0bwu0a lo¥#q^0~b+b9qbV~a¯w\
x ≈ k ·
ln 2
214
+ xh + xl
^vb+~b
xh
rshv
xl
ro~b'qQ/l6lAu0z0kmb¡¢b©NqbVhvbVºhNu0a'z{b+~4w¬wyuvp4^ºq^vrsq
|xh| <
log 2
215
«
|xl| < 2
−64|xh|
«
rohv
k =
⌊
x ·
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⌉
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¥¦lA~ rshNx
x > 2−30
±
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x < 2−30
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|x| < 2−30

bµimkjk=^vr\®Ab
k = 0
«
xh = x
rshv
xl = 0
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~louvhvimh0n2imw rokmwl2rop4^0imb+®AbV¯¥¦lA~
x < 230
±
b+q~lAw[b?p¤qij®Ab+kmxo«=r¯a2lo~b'wybVhvwijz0kmb"ro00~lArAp4^
lou0kt^vr\®Abz[bVb+hºqlD^vr\®Ab'rsh Á
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